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Abstract
The purpose of this paper is to build sequences of suitably smooth approximate solutions to the Saint-Venant model that preserve
the mathematical structure discovered in [D. Bresch, B. Desjardins, Comm. Math. Phys. 238 (1–2) (2003) 211–223]. The stability
arguments in this paper then apply to such sequences of approximate solutions, which leads to the global existence of weak
solutions for this model. Extension of this mollifying procedure to the case of compressible Navier–Stokes equations is also
provided. Using the recent paper written by the authors, this provides global existence results of weak solutions for the barotropic
Navier–Stokes equations and for compressible Navier–Stokes equations with heat conduction using a particular cold pressure term
close to vacuum.
© 2006 Elsevier SAS. All rights reserved.
Résumé
Le but de cette note est de construire une suite de solutions approchées du modèle visqueux de Saint-Venant qui préserve la
structure mathématique découverte dans [D. Bresch, B. Desjardins, Comm. Math. Phys. 238 (1–2) (2003) 211–223]. Les arguments
de stabilité donnés dans cet article peuvent alors s’appliquer à de telles solutions approchées, ce qui donne l’existence globale de
solutions faibles pour ce modèle. Une extension de cette procédure de régularisation au cas de Navier–Stokes compressible est
également présentée. En utilisant l’article récent écrit par les auteurs, cela donne un résultat d’existence globale de solutions faibles
pour Navier–Stokes barotrope et pour Navier–Stokes compressibles avec conductivité de chaleur en utilisant un terme de pression
froide adéquat proche du vide.
© 2006 Elsevier SAS. All rights reserved.
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1. Introduction
We consider the viscous shallow water model in a bounded two-dimensional domain with periodic boundary condi-
tions that means Ω = T 2. This model, also called the Saint-Venant equations among the French scientific community,
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D. Bresch, B. Desjardins / J. Math. Pures Appl. 86 (2006) 362–368 363is commonly used in oceanography. It is aimed at describing vertically averaged flows in three-dimensional shallow
domains in terms of the horizontal mean velocity field u and the depth variation h due to the free surface. A particular
model reads as
∂th + div(hu) = 0, (1)
∂t (hu) + div(hu ⊗ u) + r0u + r1h|u|u − κh∇h + h∇hFr2 − div
(
2νhD(u)
)= hf, (2)
where Fr > 0 denotes the Froude number, r0u, r1h|u|u are friction terms (r0 > 0 and r1  0), ν > 0 denotes the
kinematic viscosity coefficient, and κ  0 the capillary coefficient. We also denote D(u) = (∇u + t∇u)/2. In the
sequel, we assume f = 0 without loss of generality since all the analysis can be extended to the case of regular
enough f . System (1), (2) is supplemented with initial conditions:
h|t=0 = h0, (hu)|t=0 = q0. (3)
This model is derived from the three-dimensional Navier–Stokes equations with free surface, where the normal
stress is determined from the air pressure and shear, and capillary effects.
The energy equality associated with system (1), (2) reads as
∫
Ω
(
h2
2Fr2
+ h |u|
2
2
+ κ |∇h|
2
2
)
(t, ·) +
t∫
0
∫
Ω
νh
∣∣D(u)∣∣2 +
t∫
0
∫
Ω
r0|u|2 +
t∫
0
∫
Ω
r1h|u|3
=
∫
Ω
(
h20
2Fr2
+ |q0|
2
2h0
+ κ |∇h0|
2
2
)
. (4)
The initial data are taken in such way that
h0 ∈ L2(Ω), |q0|
2
h0
∈ L1(Ω), √κ ∇h0 ∈
(
L2(Ω)
)2
,
∇√h0 ∈ (L2(Ω))2, −r0 log− h0 ∈ L1(Ω), (5)
where q0 = 0 on h−10 ({0}) and log− g = log min(g,1).
We shall say that (h,u) is a weak solution on (0, T ) of (1), (2) if the following three conditions are fulfilled:
– (1) holds in D′(Ω),
– for a.e. nonnegative t , (4) is satisfied as an inequality, the right-hand side of (4) being the upper bound,
– Eqs. (2) hold in D′((0, T ) × Ω)2 and the following regularity properties are satisfied
∇√h ∈ L∞(0, T ; (L2(Ω))2), √hu ∈ L∞(0, T ; (L2(Ω))2),
√
h∇u ∈ L2(0, T ; (L2(Ω))4), ∇h ∈ L2(0, T ; (L2(Ω))2),
√
r0 u ∈ L2
(
0, T ; (L2(Ω))2), r1/31 h1/3u ∈ L3(0, T ; (L3(Ω))2),√
κ ∇2h ∈ L2(0, T ; (L2(Ω))4). (6)
Many different partial differential equations formulations can be found in the mathematical literature under the
“Saint-Venant” or “Shallow water” model, see [1,2,4,10,13–15]. However, very few among them provide justifica-
tions from the underlying 3D free surface model. As a matter of fact, a careful formal analysis can be achieved by
considering the incompressible 3D Navier–Stokes equations with suitable boundary conditions at the bottom and at
the free surface, possibly including respectively wall laws, various friction effects, and surface tension forces. The
Saint-Venant model [9] can be derived in dimension d = 1 by considering the long wavelength approximation in the
2D free surface Navier–Stokes model. Depending on the features of the physical model at the free surface and at the
bottom, various shallow water type models can be obtained. Let us emphasize however that the model obtained at the
limit has to meet basic requirements in order to make sense from a physical viewpoint. One of them is to be energet-
ically consistent, i.e., the total kinetic energy of the system has to be conserved. Another somehow less commonly
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a square volume of fluid of vanishing size leads to the constraint that the stress tensor has to be symmetric. As a
consequence, taking account of viscous effects of the form σ = 2hν∇u does not make sense physically.
On the other hand, if surface tension effects are considered at the free surface, an additional term of the form
σh∇h has to be added at the right-hand side of the momentum equation. Finally, friction terms naturally appear as
additional dissipative forces in the momentum conservation equations. In the inviscid case, [16] shows formally that
the no slip boundary conditions at the bottom for the 2D Navier–Stokes equations yield under suitable asymptotics to
a linear friction term of the form r0u, whereas some other Navier type boundary conditions yield quadratic frictions
of the form hu|u|.
Let us emphasize that the stress tensor obtained from a formal derivation of the Saint-Venant model in 2D requires
to deal with 2νhD(u) + 2ν∇(hdivu), see [11], which at the moment cannot be treated by the present work. Stability
of suitable sequences of approximate solutions was proven in [5] under the assumption that either σ > 0 or r1 > 0.
Section 2 is devoted to the actual construction of solutions to a perturbed system that preserves the BD entropy. Three
smoothing terms are added at the right-hand side of the momentum equations. The first two ones are associated with
a small parameter ε > 0: one is designed to smooth out the height function h and the second to keep h away from
zero, expressed as an additional pressure term. The third smoothing term is a suitable parabolic term on the right-hand
side of the momentum equations of the form η2u, for some positive parameter η. Such perturbations yield for fixed
positive parameters ε and η to a globally well posed system.
Then, taking first the limit η → 0 in the next step, followed by another step in which one has to make sure that the
bounds used in the stability result [5] are satisfied uniformly in ε.
In the last section, we indicate how to extend the mollifying procedure to the case of compressible Navier–Stokes
equations with the new “mathematical” entropy discovered by the authors in [3] and named “BD entropy” in the
sequel. For a simpler proof of such equality, see [6] and [8].
It could be interesting to try to build approximate solutions for the system considered in [12] that means without
any drag terms nor capillarity term. The effect of their new multiplier depending on u and h has to be carefully studied.
2. Construction of approximate solutions
This section is devoted to the construction of approximate solutions to the shallow water model. Two small para-
meters ε and η are introduced. For given ε > 0 and η > 0, the approximate system is globally well posed and h is
bounded and bounded away from zero. Taking the limit η → 0 is the next step, so that we end up with a sequence of
weak solutions parameterized by ε. The global existence of weak solutions is obtained by taking the limit ε → 0 and
using the stability arguments detailed in [5] and [7].
2.1. Height function regularization
The purpose of this subsection is to introduce a modified shallow water system that preserves the mathematical
structure discovered by the authors in [5] and yields to a spatially regular enough height function.
Let ε > 0. We consider the following approximate model:
∂thε + div(hεuε) = 0, (7)
∂t (hεuε) + div(hεuε ⊗ uε) + ∇h
2
ε
2Fr2
+ r0uε + r1hε|uε|uε − κhε∇hε
= div(2νhεD(uε))− ε∇p(hε) + εhε∇2s+1hε, (8)
hε|t=0 = h0,ε, qε|t=0 = q0,ε, (9)
for some large enough integer s and additional nondecreasing pressure like term h 
→ p(h) to be chosen later. The
initial conditions have been suitably mollified in such a way that hε(0) and qε(0) belong to C∞(Ω) and hε(0) ε > 0
a.e. in Ω .
Let us observe at this point that the above model preserves the mathematical structure introduced in [3,6] since on
the one hand the physical energy is conserved:
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dt
∫
Ω
(
hε
|uε|2
2
+ h
2
ε
2Fr2
+ κ
2
|∇hε|2 + ε2
∣∣∇2s+1hε∣∣2 + εhεπ(hε)
)
+
∫
Ω
(
2νhεD(uε) : D(uε) + r0|uε|2 + r1hε|uε|3
)= 0, (10)
where π ′(h) = p(h)/h2. On the other hand, the identity derived from the BD structure writes as
d
dt
∫
Ω
(
hε
|uε + 2∇ loghε|2
2
+ h
2
ε
2Fr2
+ κ
2
|∇hε|2 + ε2
∣∣∇2s+1hε∣∣2 + εhεπ(hε)
)
+
∫
Ω
(
2hεA(uε) : A(uε) + 2|∇hε|
2
Fr2
+ ε∣∣s+1hε∣∣2 + 2εp′(hε)∣∣∇√hε∣∣2 + κ|hε|2
)
= 0. (11)
Let us now formally prove that the height function is bounded from below. The following lemma is a
straightforward consequence of the Sobolev embedding Hσ (Ω) ↪→ L∞(Ω) when σ > d/2.
Lemma 2.1. Let n ∈ N and σ > n + d/2. There exists C > 0 such that for all h ∈ Hσ (Ω) such that h−1 ∈ Ln+1(Ω),
one has: ∥∥∇nh−1∥∥
L2(Ω) C
(
1 + ∥∥h−1∥∥
Ln+1(Ω)
)n+1(1 + ‖h‖Hσ (Ω))n. (12)
Then, applying Lemma 2.1 when n = 2 and σ > 7/2, one ends up with lower bounds on h in dimension d = 2 or 3:
∥∥h−1∥∥
L∞(Ω)  C
(
1 + ∥∥h−1∥∥
L3(Ω)
)3(1 + ‖h‖Hσ (Ω))2. (13)
This property allows to remove the degeneracy of the model with respect to the height function h.
As a matter of fact, the additional pressure p may be taken as follows: p(h) = −h−3 and the associated energy
π(h) = h−4/4. In that case, taking s  2, the a priori bounds induced by (10) allow to use (13), so that h is a priori
bounded and bounded away from zero for all time (remark that (11) has not been used at this point).
2.2. Velocity smoothing
It remains to add an extra diffusive term that mollifies the velocity function. Let ε be fixed and consider the
following system:
∂thεη + div(hεηuεη) = 0, (14)
∂t (hεηuεη) + div(hεηuεη ⊗ uεη) +
∇h2εη
2Fr2
+ r0uεη + r1|uεη|uεη − κhεη∇hεη
= div(2νhεηD(uεη))+ εhεη∇2s+1hεη − ε∇p(hεη) − η2uεη,
hεη|t=0 = h0,ε, qεη|t=0 = q0,ε, (15)
with η a small parameter that will help us to build approximate solutions of (7), (8) letting η go to 0. The physical
energy for this system reads,
d
dt
∫
Ω
(
hεη
|uεη|2
2
+ h
2
εη
2Fr2
+ ε
2
∣∣∇2s+1hεη∣∣2 + κ2 |∇hεη|2 + εhεηπ(hεη)
)
+
∫
Ω
(
2hεηD(uεη) : D(uεη) + η|uεη|2 + r0|uεη|2 + r1hεη|uεη|3
)= 0. (16)
On the other hand, the identity derived from the BD structure writes as
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dt
∫
Ω
(
hεη
|uεη + 2∇ loghεη|2
2
+ h
2
εη
2Fr2
+ κ
2
|∇hεη|2 + ε2
∣∣∇2s+1hεη∣∣2 + εhεηπ(hεη) − 2r0 loghεη
)
+
∫
Ω
(
2hεηA(uεη) : A(uεη) + η|uεη|2 + 2|∇hεη|
2
Fr2
+ ε∣∣s+1hεη∣∣2 + 2εp′(hεη)∣∣∇√hεη∣∣2
+ κ|hεη|2 + r0|uεη|2 + r1hεη|uεη|3
)
= −2η
∫
Ω
uεη · ∇ loghεη − 2
∫
Ω
r1|uεη|uεη · ∇hεη.
Let us observe that time integration of (17) still allows to prove that for given ε > 0, hεη is bounded and bounded
away from zero uniformly in η.
On the other hand, we observe that
∇ logh = ∇h
h
− 2(∇h · ∇)∇h
h2
− h∇h
h2
+ 2|∇h|
2∇h
h3
.
Thus ∣∣∣∣η
∫
Ω
uεη · ∇ loghεη
∣∣∣∣√η∥∥√ηuεη∥∥(L2(Ω))2(1 + ‖hεη‖Hs(Ω))3(1 +
∥∥h−1εη ∥∥L∞(Ω))3.
Remark also that ∫
Ω
r1|u|u · ∇h = −
∫
Ω
(
r1h|u|divu + r1h u|u| · (u · ∇)u
)
,
thus ∣∣∣∣
∫
Ω
r1|u|u · ∇h
∣∣∣∣ C
∥∥√hu∥∥
L2(Ω)
∥∥√h∇u∥∥
(L2(Ω))4 .
As a consequence, the following estimates hold:
∇√h ∈ L∞(0, T ; (L2(Ω))2), √hu ∈ L∞(0, T ; (L2(Ω))2),
√
h∇u ∈ L2(0, T ; (L2(Ω))4), ∇h ∈ L2(0, T ; (L2(Ω))2),
√
r0 u ∈ L2
(
0, T ; (L2(Ω))2), r1/31 h1/3u ∈ L3(0, T ; (L3(Ω))2),√
κ ∇2h ∈ L2(0, T ; (L2(Ω))4), √ε∇2s+1h ∈ L∞(0, T ; (L2(Ω)3)),
√
ηu ∈ L2(0, T ; (L2(Ω))3), ε/h3 ∈ L∞(0, T ;L1(Ω)),
√
εs+1h ∈ L2(0, T ;L2(Ω)), √ε∇h−3/2 ∈ L2(0, T ; (L2(Ω))3). (17)
2.3. Conclusion
For given ε and η, system (15) has global in time unique solutions, since the associated height function is bounded
away from zero. System (15) indeed becomes parabolic with respect to the velocity.
The construction of solutions to system (15) is then straightforward. The next step is to first let η go to zero
while ε is fixed. Since the positive lower bounds on (hεη)η>0 hold uniformly in η, the main difficulty is to prove
that the velocity sequence (uεη)η>0 converges strongly in L2((0, T ) × Ω) to some limit uε up to the extraction of a
subsequence. Recalling again that (hεη)η>0 is bounded away from zero, the velocity gradient (∇uεη)η>0 is bounded
in L2((0, T ) × Ω) for all time T > 0. On the other hand, ∂t (hεηuεη) is bounded in Lp(0, T ;H−s1(Ω)) for some
p > 1 and s1 > 0 large enough, using the momentum conservation equation. Then, since up to the extraction of a
subsequence, (hεη)η>0 as well as (h−1εη )η>0 converges uniformly to some hε and h−1ε , the strong L2((0, T ) × Ω)
compactness of the velocity sequence is obtained.
The final step consists in recalling the stability arguments of [5,7]. We refer to those two papers for detailed proof.
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Let us consider in this part the following system:
∂tρ + div(ρu) = 0, (18)
∂t (ρu) + div(ρu ⊗ u) + ∇p(ρ) − div
(
2μ(ρ)hD(u)
)− ∇(λ(ρ)divu)= hf, (19)
with
λ(ρ) = 2(ρμ′(ρ) − μ(ρ)).
In this system, the pressure term is assumed to be the sum of a cold pressure term in order to control ρ close to
vacuum and a usual barotropic term. In this case of the compressible barotropic Navier–Stokes equations, we proceed
as follows in order to smooth out the density as in the case of the Saint-Venant system. Instead of ερ∇sρ an
additional force is considered on the right-hand side of the momentum equation:
ερ∇(μ′(ρ)sμ(ρ)).
The contribution of this force to the physical energy writes as
ε
2
d
dt
∫
Ω
∣∣∇sμ(ρ)∣∣2.
Taking s large enough provides an L∞(t, x) bound on ρ−1.
On the other hand, the contribution of this additional force to the BD entropy, “mathematical” entropy based on
the relation between λ and μ and discovered in [3], writes as∫
Ω
εμ′(ρ)μ(ρ)sμ(ρ).
It rewrites as ∫
Ω
εμ′(ρ)
∣∣(s+1)/2μ(ρ)∣∣2 +
∫
Ω
ε(s+1)/2μ(ρ)
[
μ′(ρ),(s−1)/2
]
μ(ρ). (20)
The commutators may be estimated in view of the following classical lemma
Lemma 3.1. Let k ∈ N, k > d/2 + 1. There exists C > 0 such that f ∈ Hk(Ω) and g ∈ Hk−1(Ω), then∥∥[f,Dk]g∥∥
L2(Ω)  C
(‖g‖Hk−1(Ω)‖∇f ‖L∞(Ω) + ‖g‖L∞(Ω)‖f ‖Hk(Ω)). (21)
Then, one deduces from (21) that for s > d/2 + 2,∥∥[μ′(ρ),(s−1)/2]μ(ρ)∥∥
L2(Ω) C
(∥∥μ(ρ)∥∥
Hs(Ω)
∥∥∇μ′(ρ)∥∥
L∞(Ω) +
∥∥μ(ρ)∥∥
L∞(Ω)
∥∥μ′(ρ)∥∥
Hs−2(Ω)
)
C
∥∥μ(ρ)∥∥
Hs(Ω)
∥∥μ′(ρ)∥∥
Hs−1(Ω),
so that the second term of (21) may be controlled by the first one by using a Cauchy–Schwarz argument recalling that
ρ is bounded away from zero when ε is fixed. Next, the proof follows the same lines as the section devoted to the
Saint-Venant system, not only regarding the velocity smoothing, but also the compactness arguments, for which we
refer to [7].
Notice also that the temperature dependent case, considered in [7], may also be treated with similar approximation
procedures.
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